We present a powerful new technique for the extrapolation of ab initio data based on many-body decompositions. Using the new methodology and subtle modifications of the standard correlation consistent basis sets, the HϩH 2 barrier height is estimated at 9.603 kcal/mol with a precision of about 0.003 kcal/mol; this extremely accurate result is all the more striking as it can be obtained using basis sets no larger than aug-cc-pVQZ. The method is also used to yield highly accurate energies for the HϩH 2 system on a grid of points previously calculated by quantum Monte Carlo. The three-body energy, summed with exact one-and two-body energies, is observed to yield a useful approximate lower bound for the total energy. The highly accurate energies afforded by this method can also be used to assess the accuracy of previously calculated data that has been used to construct potential energy surfaces. As an example, we make a detailed comparison between the new results and the quantum Monte Carlo results for HϩH 2 .
I. INTRODUCTION
Errors associated with the truncation of the one-electron basis set to affordable sizes are one of the largest limitations on the accuracy of electronic structure calculations. These errors can be greatly attenuated by performing calculations for a hierarchical family of systematically improving basis sets and extrapolating the results to the complete basis set ͑CBS͒ limit. The most widely used families of basis sets are the correlation consistent sets of Dunning and co-workers; these include the original polarized valence sets 1 ͑cc-pVXZ͒, augmented sets 2 ͑aug-cc-pVXZ͒, and core-valence sets 3 ͑cc-pCVXZ͒ where X is a cardinal number denoting the basis set size. We shall denote the energies obtained while using elements of a generic hierarchical family of basis sets as ͕E 2 ,E 3 ,E 4 ,...,E CBS ͖ and distinguish specific sets with a superscript if necessary.
One of the most common forms of extrapolation of ab initio data is exponential fitting 4, 5 of total energies, i.e., E X ϭE CBS ϩA exp͑Ϫ␣X͒. ͑1͒
There has also been considerable recent interest in a variety of extrapolation formulas involving only linear fitting parameters, [6] [7] [8] [9] [10] [11] [12] and separate extrapolation of SCF and correlation energies ͑sometimes using different functional forms for each part͒ is also commonly practiced. The correlation energy has been shown [13] [14] [15] [16] to converge as l Ϫ3 , where l is the maximum angular momentum included in the basis set ͑provided that the radial expansion for each angular term is complete͒; several of the more recent fitting forms are based on this observation. Exponential extrapolation of the correlation energy tends to slightly but consistently underestimate the correction to the CBS limit, whereas many of the forms that involve inverse polynomials in l frequently overestimate the correction to the CBS limit. In the present paper we consider several significant advantages associated with many-body decompositions in the context of basis set extrapolations.
The many-body expansion may be written 17, 18 
where V A (1) is the energy of the isolated atom A and the V (n) , for nϾ1, are the incremental interaction energies for a given n-cluster that are not already accounted for by lower-order terms. By construction, the V (n) energies approach zero if any atom of the n-cluster is removed an infinite distance from the rest of the cluster. Equation ͑2͒ assumes that the dissociation of an atom from a cluster yields only one possible set of products. When this is not the case, we may still represent the energy as the lowest eigenvalue of a set of coupled systems of resonance configurations; the H 3 ϩ system must be treated in this way and will be presented in a later section.
If we extrapolate each of the many-body components using the same procedure and with the same series of basis sets, very little would be gained. The principle advantage of this decomposition is that we can treat the easier-to-calculate lower-order terms, especially the one-and two-body terms, with greater accuracy. As we will show, the convergence rates of the n-body terms can then be estimated very accurately by using information obtained from the two-body terms. This procedure is particularly appealing if one is interested in calculating a global potential energy surface, as the cost of treating a few diatomic interactions with higher accuracy will usually be comparatively small. In the following sections we will examine the accuracy of these techniques for the HϩH 2 system and the minimum of H 3 ϩ . Assessing the accuracy of ab initio extrapolations is often difficult since exact CBS results are rare. One can consider the level of agreement obtained from several different extrapolations ͑usually with different ranges of basis set size͒; this is a measure of the precision of the technique, which may be much better than the actual accuracy. Another approach is to measure the effectiveness of a given extrapolation method in reproducing energies of one of the larger basis sets such as E 5 or E 6 . At first glance, the ability of a scheme to reproduce data of only one to three zeta higher in quality than the data being extrapolated may not seem like a rigorous test of its ability to reproduce energies in the CBS limit. If one considers the rapid convergence of the energy with respect to the basis-set size this concern is largely allayed. For H 2 at 1.4 bohr, the aug-cc-pVXZ sets for Xϭ4, 5, and 6 recover 67%, 88%, and 94%, respectively of the difference between E 3 and E CBS . It is thus reasonable to expect that the accuracy with which one can reproduce the energies obtained with the larger basis sets is not greatly different than the accuracy with which one can reproduce the energy in the CBS limit. The tests in the following section show this to be a valid expectation.
In the benchmark calculations that follow, we will be considering extremely accurate extrapolations involving errors of only a few E h . This is a level of accuracy that is rarely required in ab initio work, especially since most calculations neglect relativistic and nonadiabatic effects that are much larger than this. We emphasize that the methodology we introduce below is not limited to such rarified applications. The relative efficiency that many-body extrapolations enjoy compared to conventional techniques is also expected to hold when larger systems are considered ͑and/or smaller basis sets are used͒ and the basis-set extrapolation errors are considerably greater.
II. CALCULATIONS AND DISCUSSION

A. The collinear H؉H 2 surface
We will first consider the calculation of the collinear potential energy surface ͑PES͒ for HϩH 2 . Quantum Monte Carlo ͑QMC͒ calculations that included a grid of 231 collinear configurations have previously been presented by Dietrich and Anderson. 19, 20 We performed high quality MRCI calculations at each of these points for basis sets from aug-cc-pVDZ to aug-cc-pV5Z quality. The MRCI calculations were performed in C s symmetry and used an active space that consisted of nine aЈ and two aЉ orbitals. The orbitals used corresponded to the natural orbitals from a MRCI calculation employing a full valence active space ͑three aЈ orbitals͒ based on complete active space selfconsistent field ͑CASSCF͒ orbitals. Comparisons of these results to full configuration interaction ͑FCI͒ calculations using aug-cc-pVTZ and aug-cc-pVQZ basis sets at several H 3 geometries indicates that the correlation treatment is converged to within better than 1E h . MRCI energies for the 231 collinear configurations calculated with the aug-cc-pVXZ basis sets are provided in Table S1 of the supplementary data for
The focus of the present study is on obtaining the best possible Born-Oppenheimer potential energy surface. Nonadiabatic corrections have been estimated 21 to be about 0.21 kcal/mol at the H 3 saddle point. In order to be able to accurately access the significance of these corrections on dynamical quantities-which is one of our future goals-it is desirable to be able to obtain the Born-Oppenheimer surface with an accuracy of about 0.01 kcal/mol.
For the H 3 system we can take advantage of essentially exact CBS results 22 for the one-and two-body interactions. We also calculated the one-body and two-body energies in the full three-center basis set to correct the three-body energy for as much basis set superposition error ͑BSSE͒ as possible; this requires six additional calculations-three atomic and three diatomic-for each configuration but the additional cost is small for this system. The two-body MRCI energies for the 231 collinear configurations calculated with the augcc-pVXZ basis sets as well as the exact CBS results are provided in Table S2 of the supplementary data for E 2 -E 5 . The three-body MRCI energies for the 231 collinear configurations calculated with the aug-cc-pVXZ basis sets are provided in Table S3 of the supplementary data for E 2 -E 5 . The three-body term is observed to be positive and increases monotonically with basis set for all the configurations studied. This is expected to be a fairly common occurrence since separately optimized pairwise interactions tend to overestimate stability as compared to an interacting system where the wave function must compromise between competing avenues for energy minimization. In order to correct for this, the sum of the higher-order many-body terms will tend to be positive. This need not always be the case, as for example when resonance stabilization is important.
It is useful to examine the basis set convergence trends of three different levels of treatment: the unaltered total energies, energies with the one-body terms replaced by the exact CBS result, and energies with both the one-and twobody terms replaced by exact CBS results. For brevity we will refer to these procedures as schemes 1, 2, and 3, respectively. The first of these schemes yields a strict upper bound to the CBS limit and can be extrapolated with reasonable accuracy by an exponential fit which tends to lie slightly above the true CBS limit ͑since the true basis set convergence rate is slower than exponential͒. Since the three-body term is positive, the third scheme yields energies that tend to converge monotonically to the CBS limit from below and thus provide approximate lower bounds on the total energy. Exponential extrapolation of these energies tends to lie slightly below the CBS limit. The second scheme has very similar behavior to the first one and provides a plausible but not rigorous upper bound to the total energy. The last two schemes do not provide rigorous bounds, as many-body interactions ͑beyond nϭ1͒ do not have to converge monotoni-cally with basis set size; nevertheless they do exhibit a very strong tendency toward monotonic behavior. These trends are displayed in Fig. 1 for two selected collinear configurations: one for which both HH distances are significantly stretched from the saddle point values of 1.76 bohr ͓part ͑a͔͒, and one that is nearer the strong interaction region ͓part ͑b͔͒.
The CBS limit of the three-body energy may be estimated by assuming that it converges at the same rate as the sum of the two body terms, i.e.,
where set n is larger than set m. Boothroyd et al. 23 have previously applied a correction scheme using exact H 2 interactions and the London equation 24 to partially correct for basis-set incompleteness, but they estimated their method to be accurate to only about 0.3mE h . The accuracy of London corrections has also been explored by Partridge et al. 25 We can obtain a very good estimate of the effectiveness of Eq. ͑3͒ by applying an analog to predict the aug-cc-pV5Z total energies using triple-zeta and quadruple-zeta results together with one-and two-body energies at the quintuple-zeta level. This comparison yields a mean unsigned difference on the 231-point test grid of only 2.9E h ͑0.002 kcal/mol͒. This method of estimating the CBS limit falls between the CBS estimates obtained by exponential fitting of the derived energies in schemes 2 and 3 for all configurations. The tendency of exponential extrapolation to slightly underestimate the magnitude of the corrections to the CBS limit in both of these schemes provides us with an effective way to refine our approximate upper and lower bounds on E CBS .
Exponential fitting of total energies also tends to lie above our many-body extrapolation estimates except for a few configurations where the three atoms are all widely separated. The extrapolated total energies at these geometries are anomalously low due to a slight irregularity in the correlation consistent basis sets. From double-zeta through quadruplezeta the contraction length of the first s function increases by 1, but for the construction of the next two sets increases of 2 were used. Since the contraction is chosen to optimize the atomic energy, calculations using the quintuple-zeta sets are effectively of two steps higher quality for the atomic calculation but only one step better for molecular interactions. This mismatch results in an exponential fit of E 3 through E 5 being about 20E h too low for an isolated H atom. In the next section we will present modified basis sets that do not suffer from this small defect.
The highly accurate results obtained by the many-body extrapolation method allows assessment of the accuracy of previous calculations. As an example, we compare our calculated energies with the QMC energies of Diedrich and Anderson 20 at the 231 collinear points. The tabulated error bars in the QMC results average 0.22 kcal/mol; by comparison the small uncertainty in our results ͑mean uncertainty of about 0.002 kcal/mol as discussed above͒ is negligible. Table  S4 of the supplementary data provides the comparison for all 231 points. In Table I we present the results of binning the deviations between our best estimates ͓obtained using Eq. ͑3͒ with E 4 and E 5 ͔ and the QMC results expressed as multiples of each point's QMC statistical error estimate. Fewer than 20% of the QMC values fall below our results and none are lower by more than 2. The deviations on the high side are much larger with over 20% of the QMC values between 2 and 5 above our values-this is nearly 9 times as many incidents as would be predicted by a normal distribution. Table I also presents the distribution of energy differences in kcal/mol; 42 QMC calculations are observed to lie above our extrapolated results by more than 0.5 kcal/mol and the largest deviation is 1.3 kcal/mol. In Table II we report the number of QMC calculations that lie above our purely variational calculations ͑that are rigorous upper bounds on the FCI/CBS The open squares are total energies, the filled circles are energies with one-body terms replaced by their CBS limit, the open circles are energies with oneand two-body terms replaced by their CBS limits, the thin solid line is the best extrapolated value, and the thick dashed line is the QMC energy. ͑a͒ r 1 ϭ3.6 bohr, r 2 ϭ4.0 bohr ͑b͒ r 1 ϭ2.0 bohr, r 2 ϭ3.0 bohr. 
B. The H 3 saddle point
In this section we will explore the basis set convergence at the H 3 saddle point using basis sets up to aug-cc-pV6Z quality. The MRCI energies and many-body components are given in Table III . At the start of this work some small irregularities in the exponents of the correlating functions for the cc-pV6Z and aug-cc-pV6Z basis sets were noticed so these sets were reoptimized. The corrected basis sets can be retrieved from the EMSL Gaussian Basis Set Library at http://www.emsl.pnl.gov:2080/forms/basisform.html. Basis sets of double-zeta quality are not particularly useful in highly quantitative calculations and will not be utilized here. By using all possible pairs of the remaining four basis sets together with Eq. ͑3͒ we can obtain six different estimates of the barrier height and four different error estimates ͑from predictions of E 5 and E 6 using lower-level results͒. These results are presented in Table IV for five different families of basis sets. The first two columns report results for the standard and augmented correlation consistent ͑cc͒ sets. A careful examination of these results indicates a slight irregularity in the quintuple-zeta calculations that is associated with the larger steps in the 1s contraction length that has been discussed previously. The next two columns present results of a new series of basis sets that are of the same size as the standard and augmented cc sets except in the 1s contraction length ͑which increases by only 1 for each zeta increment͒. In addition, the s and p correlating functions were taken to be even-tempered expansions and were chosen to optimize the FCI H 2 energy. In the final column, results are presented for the case where an additional 1s function obtained by contracting ten Gaussian primitives was added to all the sets; this function is sufficient to reproduce the H atom energy to better than 1E h . We will denote these new basis sets as mcc-pVXZ, aug-mcc-pVXZ, and aug-mcc-pVXZϩ, respec- tively ͑''modified'' correlation consistent͒. The Gaussian exponents and contraction coefficients for these new basis sets are given in Table S5 of the supplementary data. The results for the new basis sets show much lower deviations than the cc sets, and the best calculations show deviations of only about 0.003 kcal/mol for the six distinct estimates. The error estimates obtained from various predictions of E 5 and E 6 are all of comparable magnitude to the deviations observed in the six barrier estimations and this provides confidence that the accuracy of our results is comparable to the observed precision. FCI energies for E 3 and E 4 with the aug-mcc-pVXZϩ sets lie 0.36 and 0.63 h lower than the MRCI calculations, respectively and the barrier height predictions with these energies replacing the MRCI calculations do not differ from the previous values to within the number of digits tabulated. Our best estimate of the barrier height ͑taken from the mean of the last 12 calculations in Table III͒ is 9.603 kcal/mol with a precision of about 0.003 kcal/mol. The QMC barrier height of 9.613Ϯ0.006 kcal/mol is slightly too high, consistent with the errors observed in the other comparisons. The exponential extrapolation ͑aug-cc-pVXZ, Xϭ4 -6͒ of the energies of schemes 1, 2, and 3 yield CBS estimates for the barrier height ͑relative to exact HϩH 2 ͒ of 9.662, 9.653, and 9.591 kcal/mol, respectively. 28 have yielded a total energy that lies within 1E h of the Hylleraas CI result.͒ A many-body expansion for H 3 ϩ must involve three coupled resonance configurations that differ in which H atom is assigned the positive charge. We require the lowest eigenvalue of the symmetric matrix
where the off-diagonal matrix elements are three-body coupling terms and the diagonal elements are given by
͑7͒
For the special case of D 3h symmetry, the diagonal elements are all equal and we may express the desired eigenvalue as
MRCI energies and many-body components at the D 3h equilibrium geometry are given in Table V . We obtain the exact energy for the H 2 ϩ system from a fit to the analytic results tabulated by Bishop and Wetmore. 29 For this system the three-body energy is positive and decreases monotonically with basis set size. This monotonic decrease is a consequence of the importance of the contributions ͑which will be negative͒ of the coupling elements to the effective three- 5 and E 6 when the three-body term is extrapolated using Eqs. ͑3͒ and ͑8͒. We note that the calculations using E 3 and E 4 are not as accurate as the other five estimates which tend to be accurate to 0.001-0.01 kcal/mol. The error estimates we obtain from predictions of E 5 and E 6 are typically within a factor of two of the observed errors in the CBS limits.
III. CONCLUSIONS
Total energies having a mean precision of about 3E h can be obtained for the HϩH 2 system using basis sets no larger than aug-cc-pVQZ in size if one takes advantage of the exactly known one-and two-body energies. This is an order-or-magnitude better than the precision achieved using conventional extrapolation schemes and basis sets as large as aug-cc-pV6Z. 9 The high accuracy of the scheme is confirmed for the exactly known H 3 ϩ minimum energy. Comparisons to extant quantum Monte Carlo calculations reveal a significant systematic error in the QMC results that will also presumably be present in the new PES of Wu et al. 26 This new methodology offers considerable promise for the generation of affordable and accurate few-body Born-Oppenheimer potential energy surfaces.
A. Supporting information available
Tables of all calculated energies and detailed comparisons with the QMC calculations, as well as parameters for the new basis sets are available in supplementary data.
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